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This paper examines subcritical cracking in a rock panel or slab containing either a pre-existing edge or a center
crack perpendicular to the panel surface. The panel is subject to periodic surface temperature variation on one side
of the panel while the other is kept at a constant temperature. The thermally induced stress intensity factors are deter-
mined using superposition technique by employing the fundamental point load solution for an edge crack or a center
crack in a slab of ﬁnite thickness. Rock panel is modeled as a long elastic strip with either a free or a fully constrained
lateral end condition. The temperature variations versus time at various depths of the rock panel appear roughly as a
sinusoidal function. The lateral thermal stress for the free end case is larger than the constrained end case; whereas
stress intensity factors for both edge and center cracks in the constrained end slab are 1000 times larger than that of
free end case. Subcritical crack propagation in rock panels on fac¸ade is then estimated as a function of time. This sub-
critical crack propagation continues until a critical crack size is attained and the rock panel will fail under wind load.
This new theoretical framework provides a new paradigm to examine the mechanisms of time-dependent cracking in
rock panels on fac¸ade of buildings.
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Rock panels or slabs on exterior cladding walls or fac¸ades of commercial buildings are subject to
mechanical load due to wind pressure, thermal loads due to sunshine, and chemical eﬀects (or stress cor-
rosion) due to acid rain or polluted air. There have been numerous incidences of rock panel failure re-
ported. A notable example is the Amoco Building (now Aon Center) in Chicago; and this case was well
documented and has aroused international awareness on the safety and problem of cladding wall design
(Trewhitt and Tuchmann, 1988; Anon., 1989; Ridout, 1989; Kent, 1990; Logan et al., 1993; Hook, 1994;
Rudnicki, 2000). In 1985, bowing and cracking occurred on some 43,000 slabs of Italian Carrara marble
(each of size 1.219 m · 0.9144 m) on the external fac¸ade of this 344 m tall 80-storey building. The replace-
ment of cladding was completed in 1991 with a total cost of US$ 80 millions, which is exactly half of the
total cost of the whole building about 20 years ago. In Hong Kong, serious spalling and cracking started to
appear in the granite cladding to the 23-story Bank of East Asia head-quarter building at Des Voeux Road
Central in 1993, 10 years after the building was completed. Since there was a risk of parts of the granite
slabs falling oﬀ and endangering pedestrians, the Bank replaced the entire cladding, resulting in the loss
of about HK$ 38 millions. The lawsuit of the Bank against the Architect and Sub-Consultant went all
the way to the Court of Final Appeal. Another notable example is the warping of cladding marble panels
of the Alvar Aaltos Finland Hall in Helsinki (Royer-Carfagni, 1999a,b). In the case of marble, thermal
expansion anisotropy in calcite (which constitutes marbles) has been investigated by Widhalm et al.
(1996), Royer-Carfagni (1999a,b), Leiss and Weiss (2000), Siegesmund et al. (2000) and Ferrero and Marini
(2001); and this anisotropy is believed to lead to thermally induced bowing and strength degradation in
Carrara marble. In particular, the diﬀerence in thermal expansion of grains of marble will lead to grain
boundary damage; and in wet and cold weather water may penetrate into the grain texture and freeze, lead-
ing to greater damage and resulting in bowing of rock slabs. Because of this excessive bowing, subcritical
crack growth may also take place in the ﬁxtures of the panels. Such fac¸ade damages are much more fre-
quent in the northern regions of the world, like Finland and Sweden, than in warm areas, like Sicily and
Greece. Other examples of cracking problems in cladding can be found in the textbooks by Winkler
(1975, 1994). For more information and potential problems on the use of stone in structures, the readers
are referred to Winkler (1975, 1994), Lewis (1995), Franzini (1995), Chew et al. (1998), Smith (1999),
Chacon (1999), Gauri and Bandyopadhyay (1999) and Bradley (2001).
Although stone or rock panels have been widely used in cladding all over the world, there is no interna-
tional design standard for rock panels or slabs (Cohen and Monteiro, 1991; Ruggiero, 1995). There are
some standard requirements on the testing of the mechanical properties of dimensional stone used in clad-
ding, such as the CSIRO (Quick, 1998) and ASTM standards (e.g. C503-89; C880-89; C170-87). These tests
normally include compressive strength, ﬂexural strength, modulus of elasticity, density, absorption, thermal
conductivity, coeﬃcient of thermal expansion, creep deﬂection, and resistance to chemical agents. It will be
shown in the present study that the end condition of the anchoring system used for holding the stones is of
vital importance to the stability and cracking of rock panels, but no standardized anchoring system design
has been adopted internationally. The main consideration for the design of anchors depends on its ability to
resist wind and seismic loads, and to avoid bowing problems (Cohen and Monteiro, 1991). Stress concen-
trations between the connection and the rock panels are known to be highly dependent on the details of
anchoring system (Ho and Chau, 1997, 1999; Chau and Wei, 2001). Although cracking is known to appear
in cladding and dimensional stones (e.g. Simmons and Richter, 1993; Ayling, 2002), there is no theoretical
study analyzing the cracking problem of rock panels under its normal working condition (i.e. the daily solar
heating and wind load). This is the main objective of the present study.
The most likely failure mode of brittle rock panels is tensile cracking. The classical linear elastic fracture
mechanics predict that as long as the stress intensity factor (SIF) at a crack tip is less than a critical value
called fracture toughness (KIC), the crack is stable and no crack propagation will occur. However, failure
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iments on rock specimens clearly show that crack propagation did occur even when the sustained SIF is less
than KIC as long as a threshold value is exceeded. This phenomenon is known as subcritical cracking
(Atkinson, 1984; Atkinson and Meredith, 1987). Clearly, this kind of subcritical crack growth can provide
a theoretical basis for long term cracking phenomenon of rock panels on cladding. For example, cracking
of the Bank of East Asia cladding appeared only 10 years after its completion. Therefore, subcritical crack
growth in rock panels in many existing and new structures deserves more detailed investigation. To examine
time-dependent cracking and failure of rock panels on cladding wall, subcritical cracking resulting from
periodic solar heating and wind loads is considered in the present study.
For the case of a two-dimensional body containing cracks, Rizk and Radwan (1992) considered the tran-
sient thermal stresses for both embedded and edge crack problems in half-planes. An edge crack in an elas-
tic strip of ﬁnite thickness subject to sudden thermal transient stresses was considered by Rizk and Radwan
(1993) and subject to convective cooling on the face containing the edge crack while the other face is insu-
lated was considered by Rizk (1994). In these studies, numerical solution of singular integral equations is
involved. None of these studies considered the case of a cracked strip subject to periodic temperature
variations.
In the present study, we will consider the subcritical cracking of either an edge or a center crack in an
elastic strip of ﬁnite thickness with both free and fully constrained end boundaries. One surface is subject to
periodic temperature variation (i.e. simulated solar heating on rock panels) while the other is kept at a con-
stant temperature (i.e. simulated constant indoor temperature in the building). Both of these edge and cen-
ter cracks are assumed perpendicular to the surface of the elastic strip since this appears to be the most
crucial situations. Physically, if a crack (either edge or center) is inclined to the strip surface, the temper-
ature ﬁeld is being disturbed across the thickness, at least around the crack, such that the temperature ﬁeld
is no longer one-dimensional. This occurs because a layer of air is expected to be trapped in the crack,
which changes the uniformity of the conductivity across the thickness. Thus, the assumption of a perpen-
dicular crack reﬂects the most crucial situation, and at the same time simpliﬁes the problem mathematically.
The problem is decomposed into two Associated Problems: (I) a noncracked strip subject to temperature
variation shown in Fig. 1; and (II) a cracked strip subject to internal pressures that cancel those induced
by Associated Problem I. The solution of Associated Problem I can be obtained from the treatise of
Carslaw and Jaeger (1959). To avoid the use of singular integral equation formulation, we will employ
the fundamental point force solution for an edge or a center crack in a strip of ﬁnite thickness to solveh
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Fig. 1. Rock slabs subject to constant indoor temperature and periodic outdoor temperature variation induced by T(h, t) = T0 sin(xt):
(a) An edge crack of size a and (b) a center crack of size 2a.
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els, while the critical crack length at which rock panel failure is expected is estimated from the bending of a
cracked strip under wind load. The service life of these rock panels before severe cracking occurs can then
be estimated as a function of time using the theoretical basis of fracture mechanics and subcritical crack
propagation.2. An elastic slab subject to periodic surface temperature
2.1. Temperature ﬁeld in the slab
Consider a ﬁnite slab of thickness h subject to a periodic heating on the surface x = h while the temper-
ature is kept at constant on x = 0. If the coupling between the temperature ﬁeld and the deformation is
negligible, the heat conduction within the slab is governed by the standard diﬀusion equation (Carslaw
and Jaeger, 1959)oT
ot
¼ j o
2T
ox2
ð1Þwhere T is the temperature and j is the coeﬃcient of diﬀusivity (about 0.01 cm2/s for typical rocks, see
Appendix VI of Carslaw and Jaeger, 1959). The boundary and initial condition of the slab areT ð0; tÞ ¼ T a; T ðh; tÞ ¼ T 0 sinðxt þ eÞ þ T a ð2Þ
T ðx; 0Þ ¼ T a ð3Þwhere e is the phase shift of the heating, x is the circular frequency of temperature ﬂuctuation
(= 2p(24 · 60 · 60)  7.272 · 105 s1 for daily temperature variation), and T0 is the magnitude of temper-
ature ﬂuctuation about the mean ambient room temperature Ta, which has been assumed to be spatially
uniform. Note from the mathematical form of (1) that this Ta will not induce any temperature variation
across the rock panel thickness. Typically for a subtropical region like Hong Kong, the room temperature
is kept at 20 C (on x = 0) while the external rock surface may rise to over 40 C as a result of direct sun
heating whereas it may drop to 15 C at night. Thus, the magnitude of T0 may be as large as 12 C, while in
the winter time the temperature ﬂuctuation is somewhat smaller. We have assumed in (2) that the surface of
the rock panel or slab is subject to periodic or daily solar heating such that a sinusoidal oscillation of the
surface temperature is assumed on the external surface while the internal surface is kept at constant as pre-
scribed by an air-conditioned interior. An alternative way to prescribe the boundary condition is to assume
a background radiation plus a sinusoidal solar heating at daytime while only the background radiation at
night (see Section 2.9 of Carslaw and Jaeger, 1959). However, the background radiation rate of a thin rock
panel diﬀers from that of the earth surface and is not known. Thus, this possibility will not be considered
here.
The solution of (1) subject to (2) and (3) is given by Section 3.6 of Carslaw and Jaeger (1959) asT ðx; tÞ ¼ T 0wðx; tÞ þ T a ð4Þ
wherewðx; tÞ ¼ XðxÞ sin½xt þ eþ /ðxÞ þ 2pj
h2
X1
n¼1
nð1Þnðan sin e x cos eÞ
a2n þ x2
sin
npx
h
 
expðantÞ ð5Þ
K.T. Chau, J.F. Shao / International Journal of Solids and Structures 43 (2006) 807–827 811where an = jn
2p2/h2 and the amplitude X(x) and phase /(x) of the temperature oscillations at point x areXðxÞ ¼ coshð2kxÞ  cosð2kxÞ
coshð2khÞ  cosð2khÞ
 1=2
; / ¼ arg sinh kxð1þ iÞ
sinh khð1þ iÞ
 
ð6ÞThe heat wave number k and the imaginary constant i are deﬁned by [x/(2j)]1/2 and
ﬃﬃﬃﬃﬃﬃ1p , respectively. The
ﬁrst term on the right hand side of (5) is the steady state periodic solution and the second is the transient
term which dies out quickly with the summation index n. As shown in later section, the periodic term in (5)
dominates the temperature ﬁeld for the case of daily temperature on rock panels.
2.2. Elastic thermal stress
Consider a two-dimensional rock panel of large size along both and y- and z-directions and of a ﬁnite
thickness h in the x-direction. A plane strain stress ﬁeld can be assumed in the x–z plane shown in Fig. 1.
The stress–strain relation with a temperature ﬁeld T isrxx
rzz
sxz
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>;T ð7Þwhere rxx, rzz, and sxz are the normal stresses along the x- and z-directions and the shear stress along the
z-direction on the x-plane, and G is the shear modulus. Similarly, the corresponding strain components
are denoted by e. The elastic moduli (C11 and C13) and strain–temperature factor k can be related to the
Youngs modulus (E), Poisson ratio (m) and coeﬃcient of linear thermal expansion (a) asC11 ¼ ð1 mÞEð1 2mÞð1þ mÞ ; C13 ¼
mE
ð1 2mÞð1þ mÞ2 ; k ¼
ð1 mÞaE
ð1 2mÞð1þ mÞ ð8ÞFor a two-dimensional slab with zero normal and tangential tractions on both the top and bottom, all
strains will be zero except for ezz. Compatibility equation leads to the following form of ezz:ezz ¼ Axþ B ð9Þ
with A and B have to be determined by boundary condition, and all other strains in (7) are zero. Substi-
tution of (9) into (7) leads torzz ¼ C11½AðtÞxþ BðtÞ  kT 0wðx; tÞ ð10Þ
where T(x, t) is the temperature given in (4). Note that we can drop Ta in (10) if there is no thermal initial
stress in the rock panel under ambient room temperature.
If the slab at z! ±1 is constrained, ezz will be identically zero which in turn leads to A = B = 0. But, in
cladding design, the rock panels are normally separated by sealant, epoxy or cement paste so that a free
boundary condition may be more appropriate. In particular, if the slab is free to expand and is moment
free at z! ±1, the following constraints can be imposed:Z h
0
rzzðx; tÞdx ¼ 0;
Z h
0
xrzzðx; tÞdx ¼ 0 ð11ÞSubstitution of (10) into (9) yields two expressions for A and B, and solution of them givesAðtÞ ¼ 6T 0c
h
2
h
Z h
0
xwðx; tÞdx
Z h
0
wðx; tÞdx
 
;
BðtÞ ¼ 2T 0c 2
Z h
0
wðx; tÞdx 3
h
Z h
0
xwðx; tÞdx
 
ð12Þ
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of time as well. In reality, the actual end boundary condition of rock panels may be somewhere between free
and fully constrained, depending on the detailing of the anchor system.3. Stress intensity factors at cracked slab subject periodic surface temperature
In this section, two diﬀerent crack problems in a slab of thickness h will be considered. The ﬁrst one is an
edge crack of size a shown in Fig. 1(a), while the second one is a center crack of size 2a shown in Fig. 1(b).
3.1. An edge crack in an elastic slab
Referring to Fig. 2(a), the mode I stress intensity factor induced by a pair of point loads P applied on the
crack faces at c from the top free surface is given as (Tada et al., 1985)Fig. 2.
crackKEI ðn; gÞ ¼
2Pﬃﬃﬃﬃﬃ
pa
p F Iðn; gÞ ð13Þwhere n = c/a and g = a/hF Iðn; gÞ ¼ 3.52nð1 gÞ3=2
 4.35 5.28ð1 nÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 gp þ
1.3 0.3ð1 nÞ3=2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nð2 nÞp þ 0.83 1.76ð1 nÞ
( )
ð1 ngÞ
ð14Þ
The solution given in (13) and (14) can be used as a fundamental solution for the crack problem shown in
Fig. 1(a). By applying the principle of superposition, the crack problem subject to a temperature ﬁeld given
in (4) can be decomposed into two Associated Problems: (I) a noncracked slab subject to a temperature ﬁeld
given in (4); and (II) a cracked slab subject to an internal stress ﬁeld which is generated on the position of
the crack in Associated Problem I above. Since the stress ﬁeld is not singular anywhere in the slab in Asso-
ciated Problem I, only the Associated Problem II contributes to the calculation of the stress intensity factor
at the crack tip. In particular, replacing P by rzzðn; tÞadn in (13) and integrating the result from 0 to 1, the
following formula is obtained:KIðgÞ ¼ 2
ﬃﬃﬃ
a
p
r Z 1
0
rzzðn; tÞF Iðn; gÞdn ð15Þwhererzzðn; tÞ ¼ rzzðn; tÞ ¼ T 0uðn; tÞ ð16Þ
It is clear from (12) and (4) that A(t), B(t) and T(x, t) are all proportional to T0, thus we can rewrite the
stress term as T0u(n, t) as given in (16).P P c a P P ach
(a) (b)
Sketches for the fundamental problems of a pair of forces P applied to the crack faces in rock panel of thickness h: (a) edge
and (b) center crack.
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Referring to Fig. 2(b), the mode I stress intensity factor induced by a pair of point loads P applied on the
crack faces at c from the center of the crack is given as (Tada et al., 1985)KCI ðn; gÞ ¼
1ﬃﬃﬃ
h
p F IIðn; gÞ1 ð17Þwhere n = c/a, g = a/h andF IIðn; gÞ1 ¼ 1þ 0.297
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
q
½1 cosðpgÞ
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tanðpgÞ
p 1 sinðpgnÞ= sinðpgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ½cosðpgÞ= cosðpgnÞ2
q ð18ÞThe subscript ‘‘+1’’ is for the crack tip A while the subscript ‘‘1’’ is for the crack tip B. The solution given
in (17) and (18) can be used as a fundamental solution for the crack problem shown in Fig. 1(b). Similar to
the discussion given in Section 3.1, we haveKIðgÞ ¼
ﬃﬃﬃ
h
p
2
Z 2g
2g
rzzðn; tÞF IIðn; gÞ1 dn ð19Þand the stress in the integrand of (19) has been deﬁned in (16).
The integration of (15) and (19) can be done by following a standard procedure using an algorithm of
Simpsons rule with error control (Press et al., 1992).4. Numerical results for stress intensity factors
4.1. Selection of parameters
For external cladding wall design using rock panels, marble and other metamorphic rocks are normally
used, but the use of granitic rocks are not uncommon. There are various sources on the mechanical and ther-
mal parameters of marbles, especially Carrara marble (Bortz and Wonneberger, 1997; Mahmutoglu, 1998;
Sglavo et al., 1999; Alber and Hauptﬂeisch, 1999; Cardani and Meda, 1999). Carrara marble had been the
choice of structural stones since the time of Renaissances. The scientiﬁc research on the properties of marbles
started in the last century, andmore notable works include the classic triaxial tests conducted by vonKarman
in 1911 (Rudnicki, 2000; Jaeger and Cook, 1976) and the classic bowing experiments conducted by Rayleigh
(1934). Thermal expansion anisotropy in calcite (which constitutes marbles) has been investigated by
Widhalmet al. (1996),Royer-Carfagni (1999a,b), Leiss andWeiss (2000), Siegesmundet al. (2000) andFerrero
andMarini (2001); and this anisotropy is believed to lead to thermally induced bowing and strength degrada-
tion in Carrara marble. Microcracking properties in marbles were examined by Wong et al. (1995, 1996).
Cyclic loading tests on Carrara marble have been conducted by Royer-Carfagni and Salvatore (2000).
In the following numerical examples, we have chosen some typical values of marble panels used for clad-
ding walls: E = 35 GPa, m = 0.27, j = 0.0118 cm2/s, a = 1 · 105 K1, h = 30 mm, and T1 = 0.5 day
(or 43,200 s). Daily temperature ﬂuctuations induced by solar heating are assumed. The corresponding
heat conduction parameters are: circular frequency of temperature oscillations x = 2p/(24 · 60 · 60) 
7.272 · 105 s1, heat wave number k = (x/2j)1/2 = 0.056, and velocity of heat wave (2kx)1/2 =
0.0013 cm/s (Carslaw and Jaeger, 1959).
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Fig. 3. The normalized temperature T/T0 versus the normalized time s = jt/h
2 at various depths of x/h = 0.2, 0.4, 0.6, 0.8 and 1.0.
Note that the daily solar heating gives a periodicity of s = 126.
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Fig. 3 plots the temperature variations T/T0 versus normalized time s = jt/h
2 at various depths x/h (with
x/h = 1.0 being on the external face of the rock panel and x/h = 0.0 being on the internal indoor face of the
rock panel). Although the temperature solution given in (5) appears quite complicated, roughly periodic
variations of temperature are obtained at all levels within the rock panel, with temperature decreasing
monotonically from the external face to the internal face. These temperature variations can be used to cal-
culate the thermally induced lateral stress given by (10) for both free and constrained ends.4.3. Stress distributions within the rock panels
Fig. 4 plots the thermally induced stress rzz/(kT0) versus the thickness x/h for various times (0.5T1, T1,
1.5T1 and 2T1, where 2T1 is the period of the temperature oscillation cycle) for both cases of free end
(Fig. 4(b) and (c)) and constrained end (Fig. 4(a) and (d)). To make our plots more concise, the stress pro-
ﬁles at diﬀerent times are grouped into the same plot. For example, the compressive and tensile stress pro-
ﬁles at t = 0.5T1 and T1 are plotted on Fig. 4(a), respectively; whereas, the stress proﬁles of much smaller
magnitudes are grouped in Fig. 4(d). Similarly, the stress proﬁles for free ends are grouped in Fig. 4(b) and
(c) for the stress proﬁles with large and small magnitudes, respectively. For daily solar heating, we have
T1 = 0.5 day (or 43,200 s). For the case of constrained ends, we found that no lateral stress is induced at
the internal face at all time whilst the stress proﬁle increases from zero to a roughly linear one at
t = 0.5T1 shown in Fig. 4(a); then this compressive stress proﬁle becomes very small at t = T1 with a peak
at slightly above the mid-level (or x/h  0.6) as shown in Fig. 4(d). For the case of free end rock slab, the
stress proﬁles are quite diﬀerent. Lateral stresses are not zero at the internal rock face because the rock slab
is free to bend under this end condition. The maximum lateral stresses are about three times larger than
those observed under the constrained end condition. It is also peculiar to see that there are two neutral
points without stresses (at about x/h  0.2 and 0.8) at times T1 and 2T1. Once these stress proﬁles are ob-
tained, (15) and (19) can be used to estimate the mode I stress intensity factors for edge and center cracks,
respectively. The results are presented next.
Fig. 4. The normalized thermal stress rzz/(kT0) versus the thickness x/h for various times (0.5T1, T1, 1.5T1 and 2T1, where 2T1 being
the period of the temperature oscillation cycle) for both cases of free end (in (b) and (c)) and constrained end (in (a) and (d)).
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Fig. 5 plots the normalized stress intensity factor K1=½kT 0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃðpaÞp  versus the normalized time s = jt/h2
for both cases of edge crack and center crack (both tips A and B shown in Fig. 1). The numerical re-
sults are for a slab containing a crack of size a/h = 0.25 (for both edge and center crack cases). The
results for rock slabs with constrained ends are shown in Fig. 5(a) whereas those for free end are shown
in Fig. 5(b). It should be noted that the magnitudes of the stress intensity factor for free end cases are
about three orders of magnitude smaller than those of the constrained end cases. This occurs because, as
shown in Fig. 4(b) and (c), although the stress magnitude is larger for free end cases, there are both
compressive and tensile stresses appearing simultaneously across the thickness at any particular time
whereas the stress proﬁles are either all compressive or all tensile at any instance of time for the con-
strained case. As shown in Fig. 5(a), all the stress intensity factors are in phase for the case of con-
strained end, with the largest stress intensity factors occurring for edge crack followed by those of
crack tips A and B of the center crack case. Note also the compressive stress intensity factors have been
cut oﬀ, showing only the tensile or crack opening cases. Fig. 5(b) shows that there remains a compres-
sive cut oﬀ zone for the case of center crack, but there is no compressive cut oﬀ zone in the edge crack
case. In addition, there is a clear phase shift of T1 in Fig. 5(a) and (b). That is, stress intensity factor
builds up instantly at s = 0 for the case of free end; but there is a time delay in the stress intensity factor
for constrained end.
The results of this section will be used next in subcritical crack growth consideration.
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Fig. 5. The normalized stress intensity factor KI=½kT 0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃðpaÞp  versus the normalized time s = jt/h2 for both edge crack and center
crack: (a) constrained end condition for rock panel and (b) free end condition for rock panel. The crack length is set at a/h = 0.25. The
‘‘center A’’ represents the solution at crack tip A for the center crack shown in Fig. 1, whereas ‘‘center B’’ for crack tip B shown in
Fig. 1.
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5.1. Combined fatigue and subcritical crack growth
In the present problem, periodic loading and unloading at crack tips occur because of the periodic tem-
perature rise and drop. Thus, fatigue–crack growth may also be induced, which cannot be modeled by the
subcritical crack growth alone. As discussed by Hertzberg (1996), it possible to incorporate both fatigue
and subcritical crack growths:da
dN
 	
T
¼ da
dN
 	
Fat
þ
Z
da
dt
KðtÞdt ð20Þwhere a andN are the crack length andnumber of loading cycle, and subscripts ‘‘T’’ and ‘‘Fat’’ denote the total
and the fatigue–crack growth. First of all, cyclic loading tests under reference environment (i.e. an environ-
mental with no observable stress corrosion crack growth) are performed at a certain stress intensity factor
level. Then, at the same stress level, a sustained loading experiment can be conducted to yield information
on stress corrosive cracking (or subcritical cracking). Unfortunately, such a two sequence experiment has
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conducted byAsoo et al. (2000). Because subcritical crack growth in rockswasmainly studied in the context of
geophysics and geology, fatigue cracking in rock has largely been neglected. Due to the lack of experimental
data, only subcritical crack growth is considered next.
5.2. Subcritical crack growth
Linear elastic fracture mechanics predicts that once the stress intensity factor KI at a crack tip of crack
size a in an elastic body attains the so-called critical stress intensity factor KIC or fracture toughness, crack
propagation occurs or the crack size a increases. Whether the crack propagation will continue depends on
the variation of KI with the increasing value of a. This classical theory predicts that there will be no crack
growth as long as KI < KIC. For real geological materials such as rock, however, the local stress ﬁeld around
the rock is highly nonuniform at the grain scale; and more importantly, the mechanical properties of grains
around the crack tip degrade gradually because of the presence of water or other chemically agents inside
the crack when the crack is propped open (i.e. stress corrosion). Numerous experimental results show that
when these materials are subject to long term loading, they show considerable rates of macroscopic crack
extension at values of KI signiﬁcantly lower than KIC. This is called static fatigue or more commonly known
as subcritical crack propagation (Atkinson, 1984).
As discussed by Atkinson (1984) and Atkinson and Meredith (1987), the following well-known Charles
(1958) power law has been used widely to describe the subcritical crack growth in geological materials:da
dt
¼ m0 exp  HRT
 	
KnI ð21Þwhere H is the activation enthalpy, R is the gas constant (08.314472 J mol1 K1), and T is the absolute
temperature. The constants m0 and n depends on both rock type and environmental eﬀect, such as temper-
ature, moisture, and chemical content in air; and n is also called stress corrosion or subcritical crack growth
index. For diﬀusion controlled crack growth, n is about 2–10; while for stress corrosion crack growth, n is
about 20–50. Another simpliﬁed form of (21) has been used by many authors (e.g. Miura et al., 2003)da
dt
¼ V 0 KIK0
 	n
ð22Þwhere V0 is the crack velocity at KI = K0, and K0 < KI < KIC. Experimental data for ceramics suggests that
n is not a constant but changes with KI; and, in general, three regions of crack propagation behavior are
observed. For small KI, da/dt is mainly controlled by the rate of stress corrosion reactions at the crack tips
(n  2–10); for larger KI, da/dt is controlled by the rate of transport of reactive species to crack tips (n  0);
and ﬁnally for KI close to KIC, da/dt is controlled by thermally activated bond rupture which is largely inde-
pendent of chemical environment (n  20–50). For most rocks under room temperature and pressure, only
region one or three is apparent (Atkinson, 1984).
For the present crack problems of rock panels subject to daily solar heating, KI is clearly a function of
time and temperature at the crack tip always varies with time. Thus, in general, we should use (21) instead
of (22). However, we will not do so for two reasons: ﬁrst, m0 is not given in Atkinson (1984) and the var-
iation of temperature is not very signiﬁcant comparing to other constants in the exponential term in (21).
5.3. Crack length as a function of time
Once KI is known as a function of time, (22) can be integrated to yield the crack length as a function of
time. Instead of integrating (22) exactly, an approximate formula is normally used. For example, we note
that the stress intensity factor for the center crack case can be rewritten in the classical form as
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ﬃﬃﬃﬃﬃ
pa
p Z 1
0
uðn; tÞF Iðn; gÞdn ð23Þfor some constants Y. Furthermore, the size of crack only appears in the dimensionless ratio g in (23) and
thus we further assume that the integral term in (23) is independent of the crack size a. Making this assump-
tion, substituting either (15) or (19) into (22), and integrating the resulting equation leads toaðtÞ  að2nÞ=20 þ
ð2 nÞ
2
V 0
2T 0ﬃﬃﬃ
p
p
K0
 	n Z t
0
Unðs; gÞds
 2=ð2nÞ
ð24ÞwhereUðt; gÞ ¼
Z 1
0
uðn; tÞF Iðn; gÞdn ð25Þfor the edge crack. For the case of center crack, by noting that the ﬁrst order term of the expansion of
[tan(pg)]1/2 (which can be found in the deﬁnition of FII given in (18)) is proportional to (a/h)
1/2 and follow-
ing a similar argument we can also arrive at (24) with U(t,g) being replaced byUðt; gÞ ¼ 1
4
ﬃﬃﬃﬃﬃ
ph
a
r Z 2g
2g
uðn; tÞF IIðn; gÞdn ð26ÞIn (24), initially a0 can be interpreted as the largest undetectable initial crack size, and for geological mate-
rials it is typically of the dimension of the grain size of minerals constituting the rocks; and the upper limit
of integration should not be too large and U(t,g) should be updated regularly as a increases.
5.4. A simpliﬁed subcritical crack growth model
Instead of assuming the classical form of (24), we can also integrate (22) directly asaðtÞ ¼ a0 þ
Z t
0
V 0
KIðfÞ
K0
 n
df ð27Þprovided that KI(t) as a function of time is known. Fig. 5 suggests that KI(t) can be approximated as some
‘‘upper-sine-function’’ with periodicity of 2T1. Therefore, to simplify the numerical integration two diﬀerent
cases of integration can be used.
Case I
For case I, an upper-sine-function can be used to approximate the stress intensity factors versus time
within one period 2T1. As shown in Fig. 7(a) and (b), this case is appropriate for edge crack with con-
strained end and for center cracks with both free and constrained ends. In particular, KI(t,g) can be approx-
imated asKIðt; gÞ ¼ Kmax sin ptT 1
 	
T 1 þ T 00 < t < 2T 1  T 00
¼ 0 all other time
ð28Þwhere Kmax > K0 and 2T1 > t > 0 (see Fig. 7), and we have deﬁnedT 00 ¼ T 1p sin
1 K0
Kmax
 	
ð29Þ
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Fig. 6. The stress intensity factors KI/K0 versus a/h for a crack in a slab of thickness h subject to bending momentM (which is assumed
being induced by wind suction as illustrated): (a) edge crack and (b) center crack. Approximate formulas for these curves are given in
(33) and (34).
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For case II, as shown in Fig. 7(c), the case of edge crack with free ends, KI(t,g) can be approximated asKIðt; gÞ ¼ Kmax 1 sin ptT 1
 	
T 01 < t < T 1  T 01
¼ Kmax 2 sin ptT 1
 	








 T 1 þ T 02 < t < 2T 1  T 02
ð30Þwhere both Kmax1 and Kmax2 are larger than K0 and 2T1 > t > 0. In addition, T01 and T02 can be obtained by
replacing Kmax with Kmax1 and Kmax 2 in (29), respectively. Note that we have to exclude the contribution of
KI(t,g) if KI is smaller than K0. Substitution of (28) or (30) into (27) and integration of the result over one
day period, we have the following approximation for the subcritical crack growth for Case I (shown in
Fig. 7(a) and (b)):að2T 1Þ ¼ a0 þ V 0 KmaxK0
 	n Z T 1T 00
T 00
sinn
pf
T 1
 	
df ð31Þwhere T1 equals half a day in our problem. For integration of Case II shown in Fig. 7(c), we haveað2T 1Þ ¼ a0 þ V 0 Kmax 1K0
 	n Z T 1T 01
T 01
sinn
pf
T 1
 	
dfþ Kmax 2
K0
 	n Z T 1T 02
T 02
sinn
pf
T 1
 	
df
 
ð32Þ
Fig. 7. A sketch illustrating the integration for subcritical crack propagation: (a) constrained end for both edge and center crack; (b)
center crack with free end and (c) edge crack with free end. The threshold stress intensity factor is denoted by K0. Subcritical cracking is
estimated from the hatched areas in the plots.
820 K.T. Chau, J.F. Shao / International Journal of Solids and Structures 43 (2006) 807–827Since the crack growth rate is very slow for subcritical crack propagation, the dependence of Kmax with the
crack size a(t) is expected to be small within duration of days, as shown in Fig. 7. Thus, we can use the
estimation of (34) and (35) for crack growth for a period of a day before we update the calculation of
Kmax(a), T00(a), T01(a), and T02(a) as function of the current crack size. Using this simpliﬁed scheme, the
subcritical crack growth for years can be estimated eﬃciently. The numerical calculation of the subcritical
crack growth of pre-existing crack is conducted until the crack size equal to a critical size ac which will be
discussed next.
5.5. Determination of the critical crack size
For structural engineers and architects, the main design criterion for rock panels mounted on the fac¸ade
of a building is wind load. Both outdoor wind pressure and the corresponding indoor suction pressure
mainly induce bending stress in the rock panels. To make our problem mathematically tractable, the bend-
ing moment at the mid-span of the rock panel is ﬁrst estimated using simple beam theory. Then, the stress
intensity factor at the crack of a given size a is estimated by that of a thin slab containing either an edge or
center crack subject to bending moment M at the supports (see Fig. 6). The stress intensity factor for the
case of edge crack is given as (pp. 86–87 of Rooke and Cartwright, 1976)KI ¼ 6M
ﬃﬃﬃﬃﬃ
pa
p
h2
CEðgÞ ¼ 6M
ﬃﬃﬃﬃﬃ
pa
p
h2
1.12 1.39gþ 7.32g2  13.1g3 þ 14g4  ð33Þ
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1976)KI ¼ 6gM
ﬃﬃﬃﬃﬃ
pa
p
h2
CCðgÞ ¼ 6gM
ﬃﬃﬃﬃﬃ
pa
p
h2
1þ 0.0148gþ 0.2728g2  2.7912g3 þ 12.9776g4  ð34ÞEq. (34) was obtained by ﬁtting the curve given on p. 13 of Rooke and Cartwright (1976), which is valid
only for g < 0.425. Both (33) and (34) are also plotted in Fig. 6 for the sake of completeness. For free
boundary condition at the end of the rock slab, we have M = wL2/8 and for constrained boundary condi-
tion, we have M = wL2/24. Setting KI equal to the fracture toughness KIC, a as ac and gc = ac/h in either
(33) or (34), we obtain the following critical crack size:ac ¼ 1p
h2KIC
6MCEðgcÞ
 2
and ac ¼ 1p
h2KIC
6gcMCCðgcÞ
 2
ð35Þfor edge crack and center crack, respectively. Note that these expressions have to be solved by iteration as
the unknown ac also appears in gc on the right hand side of the equation.
As an illustration, we can set the wind suction per meter as 3.5 kN/m (i.e. w = 3.5 kN/m), which corre-
sponds the largest design wind pressure for building at elevation of higher than 100 m in Hong Kong
(BDD, 1983), the length of the rock slab as 1.5 m (i.e. L = 1.5 m) (which is comparable to the size used
in Amoco Building), h = 3 cm (which is a typical thickness for rock slab used in fac¸ade), and KIC = 0.64
MPa m1/2 (for Carrara Marble from Atkinson, 1984). For free boundary, the critical crack size ac for edge
and center cracks are 0.28 cm and 1.22 cm; while for constrained boundary, ac for edge crack is 1.4 cm
while no solution can be found for g < 0.425 for center crack. Thus, a crack of considerable depth has
to be formed before catastrophic failure can occur under wind load.
5.6. Numerical results and discussion
In this section, numerical simulations of subcritical crack growth on rock panel caused by daily solar
heating are conducted. Carrara marble is considered here as an example. The power index n is estimated
as 18, which was obtained by Atkinson (1984) for specimens tested in air at 20 C with a relative humidity
of 30%. In addition, the fracture toughness is KIC = 0.64 MPa m
1/2 (Atkinson, 1984), and the initial pre-
existing crack size is set to 0.0002 m or 0.2 mm which is the order of the grain size of calcite in marble
(Wong et al., 1995, 1996). The daily temperature ﬂuctuations in many parts of the world can vary signif-
icantly from summer to winter. We assume that a daily ﬂuctuation in temperature of 15 C (i.e. T0 = 7.5 K
in (2)). The value appears to be a bit large in terms of daily temperature ﬂuctuation. However considering
the fact that the temperature rise on rock surface under direct sunshine can be signiﬁcantly larger than the
surrounding ambient air temperature, this value is not unreasonable.
Fig. 8 plots the normalized crack length a/a0 versus time for diﬀerent kinds of crack and boundary con-
ditions. The crack velocity at K0, the threshold value of K, is set at 1 · 1012 m/s. Note that the threshold K0
chosen for the case of free-center crack, ﬁxed-edge crack, free-edge crack and ﬁxed-center crack are
0.00013KIC, 0.13KIC, 0.00036KIC, and 0.06KIC, respectively. These values are chosen such that subcritical
crack propagation becomes possible (i.e. KI < KIC for each case). If the chosen K0 is too large, there is no
subcritical crack propagation. If the chosen K0 is too small, subcritical crack propagation may grow rapidly
and cracking through the thickness may be completed within a few days (considering the exponential power
of about 18 in (22)). Therefore, a larger value of K0 chosen in Fig. 8 indicates a more favorable condition
for subcritical crack growth. As suggested by Fig. 8, the case of an edge crack subject to the ﬁxed end
condition is most conducive to subcritical crack growth; and thus ﬁxed end condition should be avoided
in practice when anchoring system is designed. The free end conditions appear to be more resistant to
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Fig. 8. The normalized crack length a/a0 versus time (in days) for various types of crack and boundary conditions. The threshold
values K0 used for the cases of free-center crack, ﬁxed-edge crack, free-edge crack and ﬁxed-center crack are 0.00013KIC, 0.13KIC,
0.00036KIC, and 0.06KIC, respectively. Other parameters used in this plot are V0 = 10
12 m/s, h = 3 cm, a0 = 0.02 cm, KIC =
0.64 MPa m1/2, E = 35 GPa, m = 0.27, j = 0.0118 cm2/s, a = 1 · 105 K1, K0 = 0.13KIC, n = 18, T0 = 7.5 C and T1 = 0.5 day (or
43,200 s).
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mally induced bowing; whereas, as shown in the present study, ﬁxed end condition is more conducive to
subcritical crack growth. Therefore, we must strike a balance in designing for an anchoring system to avoid
both bowing and cracking problems. It was reported by Atkinson and Meredith (1987) that subcritical
crack growth is known to exist in rocks for a threshold K0 as small as 0.05KIC. Thus, our chosen values
may be not unrealistic. Note, however, the crack growth rate V0 may vary for diﬀerent levels of KI (Atkin-
son, 1984), but such complication will not be considered here. For the most critical case of ﬁxed-edge crack,
it takes 487 days for a pre-existing edge crack of 0.2 mm to grow to a critical crack size of 1.4 cm estimated
in Section 5.5. Considering that only one third of the year has sunshine leading to the assumed temperature
ﬂuctuation given in (2) on the rock panels, it takes about four years for the edge crack to grow to a critical
value. If K0 increases slightly from 0.13KIC to 0.135KIC, it takes about 982 days for the ﬁnal cracking failure
(see also Fig. 11). Following the same argument, this leads to about eight years for the edge crack to grow
to the critical value. This value is comparable to the time of observation of serious spalling and cracking
reported in the case of Bank of East Asia Head-quarter Building in Hong Kong in 1993 and of Amoco
Building in Chicago in 1985.
It should be noted that crack growth rate is rather gradual and steady in the initial phase, then grows
exponentially in the last few months of this subcritical crack propagation. For example, for the ﬁxed-edge
crack growth shown in Fig. 8, the crack sizes are about 0.3 mm, 0.4 mm, 0.5 mm, 0.7 mm and 1.4 mm at
about 464, 482, 484, 485, and 487 days, respectively. Therefore, the subcritical crack growth theory suggests
that there is not much precursory cracking before the ﬁnal failure of the rock panel due to subcritical crack-
ing. Therefore, this makes the regular visual inspection of the cracking on rock panel surface extremely dif-
ﬁcult and ineﬀective, and perhaps some better ways should be developed to monitor the subcritical cracking
on rock panels on cladding.
Since the ﬁxed-edge crack case is most crucial in terms of cracking in rock panels on cladding or fac¸ade
subject to periodic surface temperature variation, such case will be used in the following parametric studies.
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1, 0.8 and 0.6 · 1012 m/s) for the case of ﬁxed-edge crack. As expected, a longer time is needed for the
subcritical cracking to reach a critical value for a smaller crack growth velocity V0. It is observed that
the time for reaching the stage of critical cracking (corresponding to the vertical growth of da/dt in
Fig. 9) increases nonlinearly with the decrease of V0. Although (22) suggests a linear variation of da/dt with
V0, actually KI is a nonlinear function of the crack length a, and this results in a nonlinear behavior of da/dt
versus V0. When V0 decreases from 5 · 1012 m/s to 0.6 · 1012 m/s, the time to failure increases nonlin-
early from 102 days to 808 days. Therefore, the exact time of failure is very sensitive to the parameters
of the subcritical cracking law given in (22).
Fig. 10 plots the normalized crack length a/a0 versus time for various values of the exponent n (= 16, 18,
20, and 22) for the case of ﬁxed-edge crack. A higher value of n in (22) implies a larger increase of the crack
growth rate, thus, as expected, a shorter time to failure is observed for a larger n. The time of failure in-
creases from 286 days to 650 days when n decreases from 22 to 16. As discussed earlier, for real rocks there
may be three diﬀerent regions of crack growth rate, depending on the operating subcritical crack growth
mechanism. That is, for stress corrosion controlled cracking, we have n  2–10; for transport rate con-
trolled cracking, n  0; and for thermally activated bond rupture cracking, we have n  20–50. Atkinson
(1984) reported that obvious decrease in n value versus KI is only observed experimentally for synthetic
quartz tested at 200 C, and for sapphire tested in nitrogen atmosphere. There is no speciﬁc variation of
n versus KI of marble or granite at our operating temperature. Therefore, we will not consider the possibil-
ity of n changing with KI in the present study.
Fig. 11 plots the normalized crack length a/a0 versus time for various values of K0/KIC (= 0.125, 0.13,
0.138, 0.142 kPa m1/2) for the case of ﬁxed-edge crack. The time of failure increases from 241 days to 2821
days when K0/KIC increases from 0.125 to 0.138. For the present case shown in Fig. 11, the initial thermally
induced stress intensity factor KI/KIC equals 0.14436 for a0 = 0.2 mm. When K0/ KIC is too small such that
KI < K0, there will be no subcritical crack growth. When K0/KIC is too large such that KI K0, subcritical
crack growth may lead to cracking through the thickness in a matter of days, and thus cannot explain the
ﬁeld observation. For example, if we further decreases K0/KIC to 0.12, 0.11 and 0.1 kPa m
1/2, the time to0.0
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Fig. 9. The normalized crack length a/a0 versus time (in days) for various values of V0 for the ﬁxed-edge crack. All values of V0 shown
should be multiplied by 1012 m/s. Other parameters used in this plot are: h = 3 cm, a0 = 0.02 cm, KIC = 0.64 MPa m
1/2; E = 35 GPa,
m = 0.27, j = 0.0118 cm2/s, a = 1 · 105 K1, K0 = 0.13KIC, n = 18, T0 = 7.5 C and T1 = 0.5 day (or 43,200 s). The plots are for
subcritical crack propagation of an edge crack in a slab with ﬁxed end.
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Fig. 10. The normalized crack length a/a0 versus time (in days) for various values of n or edge crack with ﬁxed boundary condition.
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mely sensitive to the value of threshold K0/KIC.6. Conclusions
This paper presents a framework to analyze subcritical cracking in rock panels containing either a pre-
existing edge or center crack perpendicular to the panel surface subject to periodic surface temperature var-
iation on one side of the panel while the other is kept at constant temperature. The thermally induced stress
intensity factors are determined using superposition technique by employing the fundamental point loads
solution for an edge crack or a center crack in a slab. Rock panels are modeled as a long elastic strip with
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the rock panels appear roughly as sinusoidal functions. The lateral stress for the free end case is larger than
the constrained end case; whereas the stress intensity factors for crack in constrained end slab are thousand
times larger than that of free end case. Subcritical crack propagation in rock panels on fac¸ade is then esti-
mated as a function of time. Carrara marble has been selected as an example to illustrate subcritical crack-
ing. Subcritical crack propagation continues until a critical crack size is attained at which rock panel will
fail under wind load. The subcritical crack growth rate is found very sensitive to the crack velocity, the
exponential power, and the threshold stress intensity factor in the Charles law.
Cracking through the thickness of the rock panels can complete in a matter of days or years, depending
on the parameters used in the subcritical cracking law. This time-dependent cracking phenomenon provides
a plausible explanation for the observed cracking phenomenon for the 1993 case of Bank of East Asia in
Hong Kong and other cases. In short, this study should provide a new fracture-mechanics-based frame-
work to analyze and design rock panels used in external fac¸ade of modern buildings, through the use of
time-dependent subcritical cracking in rock panels. Since our preliminary results show that the time-depen-
dent cracking depends strongly on the parameters of subcritical crack law, more reﬁned experimental study
is needed to determine these parameters as a function of the water vapour content and chemical contents in
polluted air to which these rock panels are subject to.Acknowledgements
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